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A: Here are some hints on your problem. Assume that $u$ is a C1 function of class $C^\infty(\Omega)$ (i.e. $\Omega$ is a bounded domain in $\mathbb R^2$). If the vector field $f$ is the gradient of a C1 function on $\Omega$, then the problem
consists of solving $u$ as an extremal of $$\delta \int_\Omega u-f\cdot abla u \, \mathrm dx.$$ It is normal to choose $f$ to be a gradient of $\varphi$, where $\varphi$ is a C1 function, and try to solve a nonlinear PDE whose right hand side is an
expression that allows for integration by parts (say, $\int_\Omega \text{div}(f)u \, \mathrm dx$). In your question, the vector field $f$ is the gradient of $\text{div}(f)$, and the corresponding integral on the right hand side is $\int_\Omega
\text{div}(f)\text{div}(u) \, \mathrm dx$. In particular, is the Green's theorem. Moreover, in this case it is easier to solve a related problem, that is: $-\Delta u = f$, and look for an extremum of the expression: $$\delta \int_\Omega
\text{div}(f)u \, \mathrm dx.$$ The variational formulation of the PDE is a way to write down the functional $$ \int_\Omega \text{div}(f)\text{div}(u) \, \mathrm dx.$$ To avoid any misunderstanding, I prefer to write it as $I(u)$. For a slightly
more interesting problem, consider the boundary value problem: $$ \left\{ \begin{array}{rcc} -\Delta u &=& f \ \ \text{in } \Omega; \\ u &=& 0 \ \ \text{on } \partial \Omega. \end{array} \right. $$ To understand it, note that if $u$ were an extremal
for $I(u)$, then, due to the boundary
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